Abstract. Let O 1 and O 2 be adjoint nilpotent orbits in a real semisimple Lie algebra. Write O 1 ≥ O 2 if O 2 is contained in the closure of O 1 . This defines a partial order on the set of such orbits, known as the closure ordering. We determine this order for the split real form E V of E 7 .
Introduction
The closure diagrams for adjoint nilpotent orbits in noncompact real forms of the exceptional simple complex Lie algebras were determined in [8, 9, 10, 11] , except for the split real forms of E 7 and E 8 . Here we handle the split real form of E 7 (also known as the form of type E V, in Cartan's notation). This paper is essentially a continuation of our paper [10] and we shall often refer to it.
By g we denote a simple complex Lie algebra of type E 7 , by g 0 a split real form of g, and by G (respectively G 0 ) the adjoint group of g (respectively g 0 ). As usual, let g 0 = k 0 ⊕ p 0 be a Cartan decomposition of g 0 , g = k ⊕ p its complexification, and θ the Cartan involution. Let σ be the complex conjugation of g with respect to g 0 , and let h be a σ-stable Cartan subalgebra of k. Since g 0 is of inner type, h is also a Cartan subalgebra of g.
Denote by N the nilpotent variety of g and set
Let K 0 ∼ = SL 8 /Z 4 be the connected subgroup of G with the Lie algebra k. (By Z k we denote a cyclic group of order k.) It is known that the orbit spaces N R /G 0 and N 1 /K 0 , equipped with the quotient topologies, are homeomorphic and that the Kostant-Sekiguchi bijection is a homeomorphism N R /G 0 → N 1 /K 0 (see [5, 1] ). Our main result, Theorem 4.1, describes the topology of N 1 /K 0 . The description is via the closure diagram shown in Figures 5 and 6 . The construction of this diagram and the proof of its correctness are based on extensive and nontrivial computations for which we used heavily Maple [4] and LiE [16] (in addition to our own programs). It may be worthwhile to point out that Table 3 contains an extensive list of the representatives of all nonzero nilpotent K 0 -orbits in p. In many cases several representatives of different types are given.
It is a pleasure to thank J. Sekiguchi for his interest and several discussions that we had about the closures of nilpotent orbits. The proposition of Section 7 is in fact a by-product of these discussions.
Preliminaries
The closure diagram for adjoint nilpotent orbits in g was determined by Mizuno [12] and verified later by Beynon and Spaltenstein [2] . We will use the version of Mizuno's diagram given in [10, Figure 1 ] where each node represents a G-orbit in N and is labeled by the corresponding Bala-Carter symbol (see [5] ). In this diagram, the orbits having the same dimension are positioned at the same level. Because of its length, the diagram is split into two pieces. The dimensions of the orbits are indicated on both sides of the figure.
There are 45 adjoint nilpotent orbits in g (including the trivial orbit). The nonzero ones are listed in [10, Table 1 ]. The k-th orbit, i.e., the one that appears as the k-th entry of that table, will be denoted by O k . The second column of that table contains the Bala-Carter symbol of O k , and the third one gives the weighted Dynkin diagram of O k . The complex dimension of O k is recorded in the last column. The nonzero G 0 -orbits in N R , or equivalently the nonzero K 0 -orbits in N 1 , were classified in [6] (see also [5] ). We shall keep the same numbering for these orbits as in these two references. The i-th nontrivial G 0 -orbit in N R will be denoted by O 
We say that a triple (E, H, F ) in g is a standard triple if [H, E] = 2E, [H, F ] = −2F , [F, E] = H and E, H, F are nonzero. Such a triple is normal if also H ∈ k
and E, F ∈ p. We denote the root system of (g, h) by R, choose a system of positive roots R + ⊂ R and a base B = {α i : 1 ≤ i ≤ 7} ⊂ R + of R. The simple roots α i ∈ B are indexed as in Figure 1 . Let us also introduce the subgroup K = {x ∈ G : θ(x) = x}. Its identity component is the group K 0 defined above and K/K 0 = Z 2 . We extend the enumeration of simple roots α i , 1 ≤ i ≤ 7, to the enumeration α i , 1 ≤ i ≤ 63, of R + . It is given in [10, Appendix] . A negative root −α i will be also written as α −i . The coroot of α i is denoted by H i ∈ h. For α ∈ R we let g α be the root space of α. A nonzero element X α ∈ g α is called a root vector of α. We assume that a root vector X i has been chosen for each root α i , ±i ∈ {1, . . . , 63}.
By recalling the definition of the Z 2 -gradation g = k + p from [6] , one can easily distinguish the roots α for which g α ⊂ k from those for which
, then in the former case k 2 is even (k 2 = 0, ±2) and in the latter it is odd (k 2 = ±1).
By adjoining the negative of the highest root α 0 = −α 63 = α −63 to B we obtain the so-called extended base B e = B ∪ {α 0 } (see Figure 1 ). Let R 0 be the root system of (k, h) where we view R 0 as a subsystem of R. We set R + 0 = R 0 ∩ R + and denote by B 0 the unique base of R 0 contained in R + 0 . It turns out that B 0 ⊂ B e . Explicitly we have
where, as in [6, Table IV] , 
There is an involutionw ∈ G (a lifting of w) such thatw(h) = h and the action ofw on the dual space h * coincides with the action of w.
We remark that the standard regular subalgebra (see [10] for the definition) with simple roots α 47 , α 48 , and α 49 is of type (3A 1 ) . Indeed if we set
then these roots form another base of R and so there is an element of W that maps γ i → α i for 1 ≤ i ≤ 7. Hence the triple {α 47 , α 48 , α 49 } is mapped onto the triple {α 2 , α 5 , α 7 } which is a base of a system of type (3A 1 ) .
Let us briefly indicate how the elementw can be explicitly constructed. For that purpose only, we shall assume that the root vectors X i for ±i ∈ {1, . . . , 63} have been chosen (say as in [7] ) so that together with the H i , 1 ≤ i ≤ 7, they form a Chevalley basis of g 0 . In particular, [
and set θ i = θ αi (see [3] ). Then we can takẽ
Since the roots α 47 , α 48 , and α 49 are mutually orthogonal, we havẽ
. This element is the identity because G is the adjoint group and {α 47 , α 48 , α 49 } is a base of a system of type (3A 1 ) . The analogously defined element in the simply connected group of type E 7 is the central involution of that group (for more details see [15] ).
Since w(B 0 ) = B 0 , we havew(k) = k andw(p) = p. Asw induces an outer automorphism of k, we conclude thatw belongs to the non-identity component of K. The action of w (andw) on R is described in Table 1 . The involutionw permutes the nilpotent K 0 -orbits in p and induces a homeomorphism of the orbit space N 1 /K 0 . This permutation action is given in Table 2 . The fact thatw induces an involutorial automorphism of the closure diagram will be used to simplify the proof of our main result. The basic technique for the construction of the closure diagrams of nilpotent orbits was described in [8] and perfected later in our subsequent papers [9, 10, 11] . It is especially convenient for real forms of inner type and will be employed in this paper.
We introduce some more notation concerning a normal triple (E, H, F ). For any integer j we define the subspaces
and for integers i ≥ 1 we set
By Q H we denote the parabolic subgroup of K 0 with Lie algebra i is written as a sum of root vectors all of which lie in the subspace g H i (1, 2) (this can be verified by using Table 7 given in the Appendix). The corresponding roots are always linearly independent. In many cases we give several representatives of different types.
Let i < j be such thatw( Table 2 ). Such pairs are recognizable from Table 3 because they satisfy
Our representatives for O Figure 2) . In Figures 3 and 4 we give the Dynkin-like diagrams for the non-standard types that occur in Tables 3 and 4 . The dotted lines in these diagrams join two roots whose angle is π/3 while the solid lines (as usual) join two roots whose angle is 2π/3. More precisely one should view these diagrams as the objects defining the types of representatives. For the type E 7 (a 4 ) see Figure 7 . 
Description of the closure diagram
We can now state our main result. For typographical reasons the closure diagram is split into two parts. The top part is shown in Figure 5 and the bottom part in Figure 6 . From now on the word diagram will refer (unless stated otherwise) to the diagram exhibited in these two figures. The orbit O Table 2 ). The part of the diagram that is fixed byw is highlighted by using thicker bonds and nodes.
Justification for the lines in the diagram

We write
In this section we prove that if i and j are two nodes in the diagram, with i above j, which are joined by a line, then
. This reduces considerably the number of cases that we need to consider.
Since
. Such elements are given in Table 4 . The fact that E ∈ p 2 (H i ) is easy to verify by using 
$ $ $ $ $ $ $ $ $ $ $ $
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Hence H = H 78 . Since α(H) = 2 for all α ∈ ∆, we have E ∈ g H (1, 2). Since H = H 78 , this implies that E belongs to the closure of O An alternative and simpler argument can be used for the pair (94, 91): The reflection corresponding to the simple root β 6 of R 0 transforms the diagram of the element E from Table 4 into the diagram of the representative E 91 from Table 3 . 
Proof of the correctness of the diagram
We shall write i → j if i and j are two nodes in the closure diagram (see 
In order to complete the proof of the main theorem, it suffices to show that all critical pairs are good. It is tedious to find the critical pairs by inspection of the diagram. We used a short program to find all such pairs. The involutionw (see Section 2) permutes the set of critical pairs. Clearly, it suffices to consider just one critical pair from each of thew-orbits. In Table 5 we list the representatives of thew-orbits of critical pairs. 
be the fundamental weights of R and let V be the fundamental g-module with highest weight ω 7 . We make it into a Z 2 -graded module as explained in the Appendix. The integers d i (j, k) defined there are recorded in Table 8 . We now invoke [8, Theorem 4.1] to obtain a list of pairs
. Some of these pairs (those that will be used in our proof) are listed in Table 6 . By inspecting this table, we see that the 12 critical pairs in Table 5 that are marked by a dagger are good. We are now faced with the most difficult part of the proof: To show that the 17 unadorned critical pairs in Table 5 are good. For that purpose we shall use some basic concepts from the theory of prehomogeneous vector spaces (PV's) [13, 14] . Unfortunately, the arguments are too long and tedious to be included in this paper. For that reason we shall give an outline of our method and then apply it to one typical critical pair.
Outline of the method
Let us consider a fixed node, say i, in our diagram. We shall say that a node j is a child of i if O The centralizer Z = Z K 0 (H i ) is a connected reductive subgroup of K 0 which can be easily determined (up to local isomorphism) from the integers β k (H i ) given in Table 3 . Furthermore, Z is a Levi factor of the parabolic subgroup Q H i of K 0 (defined in Section 2). The centralizer M of E i in Z is reductive, and consequently the PV (Z, g H i (1, 2)) is regular [13] . 2) is a hypersurface. In the theory of PV's, S is called the singular set. We note that the representative E i of O i 1 is a generic element of this PV. The set S is a union of irreducible conical hypersurfaces S k defined by equations f k = 0, where the f k (k = 1, 2, . . . , r) are the basic relative invariants of this PV. Recall that f 1 , . . . , f r are algebraically independent irreducible homogeneous polynomials on g H i (1, 2) . One knows that r ≤ , where is the length of g H i (1, 2) as a Z-module. More precisely, r = dim(Z/Z M ) where Z is the derived subgroup of Z (see [14] ).
The pair (Q H i , p 2 (H i )) is also a PV and its singular setŜ is the union of the (1, 2) and y ∈ p 3 (H i ). Thesef k are the basic relative invariants of (Q H i , p 2 (H i )) andŜ k is defined by the equationf k = 0. The basis of our method is the following result which was formulated after several discussions that I had with J. Sekiguchi. 
The first assertion is proved. To prove the second assertion, let j be a child of i. Since
We now make several remarks concerning this proposition. First, it is clear from the definitions that O In most cases, the hypersurfaceŜ k contains a dense open Q H i -orbit which is necessarily contained in P k . In such cases it is not difficult to determine j k . Once all the j k are computed, it is easy to identify all the children of the node i and thus verify that i is a good node.
Treatement of a critical pair
In this section we illustrate our method by proving that the critical pair (62, 30) is good. The centralizer Z = Z K 0 (H 62 ) = (SL 2 ) 2 · T 5 has a 5-dimensional central torus T 5 . The simple roots of the two SL 2 factors are {α 3 } and {α 5 }. The space g H 62 (1, 2) is a direct sum of five simple Z-modules: the 4-dimensional Z-module V (4) = X −46 , X −43 , X −42 , X −38 on which both factors SL 2 act non-trivially, the 2-dimensional Z-module V (2) = X 52 , X 55 on which the second SL 2 factor acts trivially, the 2-dimensional Z-module W (2) = X −45 , X −41 on which the first SL 2 factor acts trivially, and two 1-dimensional modules V (1) = X −39 and W (1) = X 54 . The PV (Z, g H 62 (1, 2)) has only 4 basic relative invariants. Thus, using the notations from the previous section, we have r = 4 and = 5.
For illustrative purposes we exhibit the weight diagram for this module in Figure  8 (all weights are simple). A vertex labeled i stands for the one-dimensional weight space spanned by the root vector X i . The action of the simple root vectors of the Lie algebra of Z is indicated by the arrows. The involutionw fixes the characteristic H 62 and so leaves the space g H 62 (1, 2) invariant. More precisely, by using Table 1 we see that this involution leaves invariant the module V (4), and interchanges the modules V (2) and W (2), and also V (1) and W (1).
Our representative of the orbit O 62 1 from Table 3 (1, 2) . The six black nodes in Figure 8 depict the weights of the weight vectors that occur in the expression for E 62 . Let us consider the following four vectors in p 2 (H 62 ): Figure 9 . From the proof that 62 → 59 (see Table 4 
and so
By transforming H with a suitable element of the Weyl group of (k, h), we obtain the element H ∈ h such that
By looking up Table 3 Table 3 ). Another computation shows that each of the Q H 62 -orbits through E k has dimension 28. Since p 2 (H 62 ) has dimension 29, we conclude that the four hypersurfaceŝ
are the irreducible components of the singular setŜ of (Q H 62 , p 2 (H 62 )). It follows that j 1 = 59, j 2 = 48, j 3 = 49, and j 4 = 54 (using the notation from the previous section). Since 62 → 59 → 54 → 48 and 54 → 49, we conclude that the node 62 has only one child, namely 59. Thus we have shown that the node 62 is good, i.e.,
Next we have to examine the node 59. The centralizer Z K 0 (H 59 ) = T 7 is the maximal torus of K 0 (with Lie algebra h). The space g H 59 (1, 2) is a direct sum of five 1-dimensional T 7 -modules:
Hence, in this case, r = = 5. The involutionw fixes the characteristic H 59 , thus leaving the space g H 59 (1, 2) invariant. By using Table 1 we see that this involution leaves invariant the module X −38 , and interchanges the modules X 54 and X −39 , and also the modules X −45 and X 52 .
Let us write an arbitrary X ∈ p 2 (H 59 ) as
where X ∈ p 3 (H 59 ). The singular setŜ of the PV (Q H 59 , p 2 (H 59 )) is the union of the five hyperplanesŜ k :
Our representative of O 59 1 from Table 3 is
and its type is (A 5 ) . It is a generic element of the PV (T 7 , g H 59 (1, 2)). Let us consider the following three vectors:
A computation shows that each of the Q H 59 -orbits through E k has dimension 25. Since p 2 (H 59 ) has dimension 26, we conclude that Figure 10 . 
We also claim thatŜ 3 ⊂ O 54 1 . The seven roots in Figure 10 are linearly independent. Consequently, the vector E 3 = E 3 − X −40 belongs to the closure of the orbit K 0 · E 3 . A computation shows that both orbits K 0 · E 3 and K 0 · E 3 have the same dimension, namely 50. It follows that these orbits are the same. As E 3 is of type 2A 3 , we conclude that E 3 , E 3 ∈ O 43 1 (see Table 3 ). 
Appendix
In Table 7 we list, for each i, the indices k of the roots α k for which g α k ⊂ p 2 (H i ). We list first those k for which g α k ⊂ g H i (1, 2) and separate them by a semicolon from the k's for which g α k ⊂ p 3 (H i ).
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DRAGOMIRŽ.DOKOVIĆ Table 7 . Root spaces in p 2 (H i ) (g 0 = E V) Let V be the 56-dimensional simple g-module with highest weight ω 7 (one of the fundamental weights). It can be equipped with the Z 2 -grading such that V = V 0 ⊕ V 1 , dim V 0 = dim V 1 = 28, and the highest weight vector belongs to V 0 . Thus
holds for i = 0, 1. We introduce the integers
where i = 0, 1; j ≥ 1; 1 ≤ k ≤ 94, and ρ is the representation of g on V . (E k is a representative of O k 1 from Table 3 .) These integers are easy to compute using the sl 2 -theory (see [8] ) and are displayed in Table 8 . 
